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Abstract

Investigating clustered data requires consideration of the variation across clusters, including consider-

ation of the component of the total individual variance that is at the cluster level. The median odds

ratio and analogues are useful intuitive measures available to communicate variability in outcomes

across clusters using the variance of random intercepts from a multilevel regression model. However,

the median odds ratio cannot describe variability across clusters for different patient subgroups

because the random intercepts do not vary by subgroup. To empower investigators interested in

equity and other applications of this scenario, we describe an extension of the median odds ratio

to multilevel regression models employing both random intercepts and random coefficients. By

example we conducted a retrospective cohort analysis of variation in care limitations (goals of care

preferences) according to ethnicity in patients admitted to intensive care. Using mixed-effects logistic

regression clustered by hospital we demonstrated that patients of non-Caucasian ethnicity were less

likely to have care limitations but experienced similar variability across hospitals. Limitations of

the extended median odds ratio include the large sample sizes and computational power needed for

models with random coefficients. This extension of the median odds ratio to multilevel regression

models with random coefficients will provide insight into cluster-level variability for researchers

interested in equity and other phenomena where variability by patient subgroup is important.

Motivation and Background

Identifying the effects of clusters on individual outcomes is important for both statistical rigor and

practical utility of regression models in epidemiology.1 Investigating clusters requires assessment

of the association between cluster and outcome as well as the assessment of variation in outcome

across clusters. Useful and intuitive measures of overall variability exist for outcome variables that

are continuous (intraclass correlation coefficient), binary (median odds ratio), time-to-event (median

hazard ratio), and rates (median rate ratio).2,3,4,5,6,7 Yet variability may not be the same for all

subgroups of individuals in a population and measures of overall variability across clusters may

conceal important information about variability in subgroups of individuals. Modelling variance as a

function of individual-level variables has been demonstrated in other settings8,9,10 but is infrequently

used in clinical scenarios, perhaps due to difficulty in interpreting the variance components along
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with the fixed and random effects. Here we describe a method of using the median odds ratio to

communicate variability across clusters for individuals with different individual- or cluster-level

covariates. Using the median odds ratio to communicate this variability may be beneficial due to

clinicians’ familiarity with odds ratios and the ease of comparison with odds ratios derived from

fixed and random coefficients.

In practical terms, comparing the cluster-level variability for individuals with different characteristics

is important for investigating questions of equity in healthcare and other settings. Consider the case of

goals of care at the end of life for patients of different backgrounds; for example Caucasian as opposed

to non-Caucasian ethnicities. Goals of care in hospital generally crystallize to the presence or absence

of care limitations. Patients with a greater burden of frailty, age and comorbidity are less likely to

recover from critical illness and sometimes opt for care limitations that guide treatment towards

palliation and comfort if cardiac arrest or respiratory failure arise. Past research has documented

that African-American patients in the United States are less likely to opt for care limitations on

the use of life-supporting technology such as a “No cardiopulmonary resuscitation (CPR)” order.11

Although individual-level differences may explain this finding, an additional potential explanation

relates to the practices and culture of individual hospitals in which case patients of non-Caucasian

ethnicities might have more variability in prevalence of care limitations than patients of Caucasian

ethnicity. Other explanations focus on the impact of socioeconomic phenomena such as mistrust of

healthcare institutions, in which case there may be an associated fixed effect of ethnicity but no

differences in variability by ethnicity. We investigate this question as an illustrative example.

Full assessment of equity across a subgroup in clustered data requires attention to the average effect

as well as the variation associated with that subgroup.12 Here we propose and demonstrate an

extension of the median odds ratio to facilitate intuitive measurement of this variation and empower

investigators concerned with equity and other phenomena where variability across subgroups has

relevance.
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Using the Median Odds Ratio to Investigate Variability by Sub-

group

The median odds ratio derived by Larsen et al is a convenient method of measuring variability at the

cluster level because it is reported in odds ratio “units”, similar to fixed effects coefficients.2,13 The

intuitive interpretation of the median odds ratio is the median increase in odds of an outcome when

a patient is switched from a cluster with lower odds to a cluster with higher odds, holding all other

variables constant. The median odds ratio is also useful because it describes inter-cluster variability

as opposed to the intra-cluster variability described by the intraclass correlation coefficient.

Thus far the median odds ratio has been employed mainly for logistic regression models with a

random intercept term which can be used to account for clustered data. Each cluster is assigned a

different intercept. Each intercept is an instance of a random variable which by design follows a

normal distribution with a single mean and variance. The median odds ratio converts the variance

of this distribution into an odds ratio.

If patients from different subgroups are treated differently across clusters, then a random intercept

alone may not capture the consequent variability in outcome, despite the outcome variance being

intrinsically dependent on the mean. Instead, cluster-level slopes for the variable of interest can be

added to the model as seen in a few empirical examples.9,10,14 Analogous to the random intercepts,

these slopes are instances of a random variable with a single mean and variance as well as a covariance

with the random intercepts. This allows for the association between a covariate and an outcome to

vary across clusters. In our example we use random coefficients to allow the association between

care limitations and ethnicity to vary by hospital. However, the median odds ratio has not yet been

described for models incorporating random coefficients.

Mixed-Effects Model with Random Intercepts and Random Coefficients

Let patient i within cluster j have covariate vector x(i, j) = [x1(i, j), x2(i, j), ...]. The elements of

x(i, j) could be patient- or cluster-level covariates. Each cluster has an associated random intercept

uj and a random coefficient φ1,j for variable x1 where the variables u and φ are normally distributed

with mean 0 and variance σ2 and σ2
φ respectively.
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Consider a dichotomous response variable y(i, j) that evaluates to 1 or 0. Let π(i, j) be the probability

that patient i in cluster j has y(i, j) = 1. The vector β = [β0, β1, ...] contains the fixed coefficients.

We can write the model as:

y(i, j) ∼ Binomial(1, π(i, j)) (1)

logit[π(i, j)] = (β0 + uj) + (β1 + φ1,j)x1(i, j) + ... (2)

Equation 1 shows that the outcome variable follows a binomial distribution with one trial and success

probability π(i, j). Equation 2 shows that the logit function is the link function for the model and

that each coefficient exists in “logit” space. The terms have been grouped for easier comprehension:

the intercept is the sum of the global fixed intercept β0 and the cluster random intercept uj ; the

coefficient of x1 for each patient is the sum of the global fixed slope β1 and the cluster random

coefficient φ1,j . A random coefficient is included only for x1 although each covariate in x could have

an associated random coefficient.

How to Find the Median Odds Ratio by Patient Subgroup

Using equation 2, if there are no random coefficients then φ1,j = 0 and the formula for the median

odds ratio is:

MOR = exp[
√

2σ2 × Φ−1(3/4)] (3)

where Φ−1(3/4) is the 75th percentile of the cumulative standard normal distribution and “exp” is

the exponential function.

Recall that the median odds ratio with random intercepts is the median increase in the odds of the

outcome when a patient is moved from a lower-odds cluster to a higher-odds cluster. The analogous

situation with random coefficients is the median increase in the odds of the outcome when a patient

from a particular subgroup is moved from a lower-odds cluster to a higher-odds cluster. Therefore

the median odds ratio in the setting of a random coefficient is conditional on the patient subgroup
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x1. This is meaningful only if there is some within-cluster variation in the variable x1. The following

two equations describe the median odds ratio for a model with a random coefficient, conditional on

variable x1 taking value a (see Appendix for derivation):

V (x1 = a) = 2σ2 + 2a2σ2
φ + 4aCov(u, φ) (4)

MOR(x1 = a) = exp[
√
V (x1 = a)× Φ−1(3/4)]. (5)

The term V (x1 = a) is a variance term (Appendix). As the variance σ2
φ of the random coefficient

approaches zero, these equations approach the equations for median odds ratio without random

coefficients. Note that the variable x1 could be dichotomous, discrete or continuous and the derived

equations will hold.

How to Find the Interval Odds Ratio by Patient Subgroup

The interval odds ratio is used to gauge the magnitude of variance between different values of

a covariate. If the interval is wide then the variation between patients with different values of

the covariate is large.13,4 It is an interval covering a proportion of the odds ratios (usually 80%)

comparing two patients’ odds of the outcome where the two patients differ in only one covariate.

Often it is a cluster-level covariate that is used in order to provide some insight into the magnitude

of a cluster-level covariate with respect to the cluster-level variability.13 If the interval odds ratio

excludes 1, then the effect of the cluster-level covariate is large compared to the variability between

clusters.4 Consider patient i with covariate vector x(i, j) in cluster j and covariate vector x(i, k)

in cluster k. Cluster-level variables differ, that is x2(j) 6= x2(k). Recall that Φ−1(b) gives the b-th

quantile of the cumulative standard normal distribution. For a model without random coefficients

the interval odds ratio lower and upper bounds have formulas:

IORlower = exp
[
β2(x2(i)− x2(j)) +

√
2σ2 × Φ−1(0.1)

]
(6)

IORupper = exp
[
β2(x2(i)− x2(j)) +

√
2σ2 × Φ−1(0.9)

]
(7)
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so that the interval [IORlower, IORupper] covers 80% of the odds ratios when a patient is “switched”

from one cluster to another. The above formula could be easily adjusted to accommodate interval

odds ratios covering other proportions, such as 75% or 95%.

Within a model using random coefficients the interval odds ratio communicates the spread of odds

ratios across a cluster-level covariate conditional on the patient subgroup associated with the random

coefficient. We use the same variance V (x1 = a) from equation 4 (Appendix):

IORlower = exp
[
β2(x2(i)− x2(j)) +

√
V (a)× Φ−1(0.1)

]
(8)

IORupper = exp
[
β2(x2(i)− x2(j)) +

√
V (a)× Φ−1(0.9)

]
. (9)

Again the interval odds ratio is given by [IORlower, IORupper].

Association Between Care Limitations and Patient Ethnicity

To illustrate the use of the median odds ratio for describing variation in outcome across clusters

for patients from different subgroups, we investigate variation in care limitations across hospitals

for patients with Caucasian and non-Caucasian ethnicities. Previous research in the United States

has demonstrated that patients from ethnic minorities (Hispanic or non-Caucasian ethnicities) and

in particular patients of African American ethnicity are less likely to have limitations on care such

as a “Do Not Atttempt Resucitation” (DNAR) order.15,16 Other work describes many potential

contributing factors including communication approaches by healthcare providers, lack of trust in

the medical system by patients and families, poor health literacy, different family decision-making

processes, and access limitations based on geographic or socieoeconomic barriers.11,17,18,19,20,21,22

Some of the observed differences in end-of-life care to patients from ethnic minorities might be

explained by hospital-level variation in care.23,24,25 For example, some hospitals may have clinicians or

staff with subconscious biases, while other hospitals may have mitigated those biases through training

programs or increasing diversity through hiring practices.26,27 This could introduce hospital-level

variation in the extent to which an outcome, such as care limitations, vary by ethnicity.
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Here we used a free restricted-access anonymized database of intensive care unit admissions in the

United States28 to demonstrate extension of the median odds ratio to models including random

coefficients. We explored if there is more or less variability in care limitations across hospitals for

patients of Hispanic or non-Caucasian ethnicities compared to patients of Caucasian ethnicity.

Study Population

The study population included anonymized patient-level data from the e-ICU Collaborative Research

Database.28,29 This database is maintained by the Phillips eICU Research Institute30 and released

under the Health Insurance Portability and Accountability Act (HIPAA) safe harbor provision. The

re-identification risk was certified as meeting safe harbor standards by Privacert (Cambridge, MA)

(HIPAA Certification no. 1031219-2). Each patient was admitted to an intensive care unit in the

United States in 2014 and 2015 and for each patient only the first admission to an intensive care

unit was analyzed.

Variables

The data is abstracted from the electronic medical record and includes patient demographics (age,

gender, ethnicity), severity of illness (Acute Physiology And Chronic Health Evaluation (APACHE)

IV severity scores), hospital of admission, and care limitations. The care limitation data are short

phrases that can be broadly grouped into care with no limitations and care with limitations:

• No limitations on care: “Full Therapy”: corresponding to a plan to provide all life-supporting

technology including CPR.

• Limitations on care: “No augmentation of care”, “Do not resuscitate”, “No CPR”, “Comfort

measures only”, “No intubation”, “No cardioversion”, “No vasopressors/inotropes”: corre-

sponding to a plan where some forms of life-supporting technology are not provided.

Reasons for care limitations might be related to patient or substitute decision maker preferences and

recommendations by the physician and healthcare team. Data around motivations for limiting care

is not available in the e-ICU database.
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Analysis and Models

The analysis used logistic regression to model the relationship between ethnicity and care limitations

for patients clustered within hospitals. In each model the response variable is the presence or absence

of a care limitation. Age, gender, severity of illness (APACHE IV) and ethnicity are incorporated as

covariates in all models.31 Age was modeled as restricted cubic splines with four knots placed at

the 5th, 35th, 65th and 95th percentiles.32 Some models consider hospital ethnic diversity (hospital

proportion of patients with non-Caucasian ethnicity above or below the median across hospitals).

The response variable was the presence or absence of care limitations. Hospitals with less than 40

admissions (approximately the smallest 5%) and patients with missing baseline or outcome data were

excluded. Analyses were performed using R v3.5 (R foundation) and several R packages including

the lme4 R package.33,34 Full code is available in the Appendix.35,36,37,38,39,40,41,42,43,44,45,46

We proceeded sequentially from the base model to a model including random intercepts, random

coefficients, and a cluster-level covariate:

• Model 1: Fixed effects (age, gender, severity of illness, ethnicity) - does not account for

hospital-level clustering.

• Model 2: Model 1 with hospital-level random intercept - accounts for hospital-level clustering

but the effect of ethnicity is fixed as in Model 1. As a consequence, the variation between

hospitals is assumed to be the same for Caucasian and non-Caucasian patients.

• Model 3: Model 2 with hospital-level ethnicity random coefficient - accounts for hospital-level

clustering and the effect of ethnicity has both fixed and random components. As a consequence,

the variation between hospitals can be distinguished according to patient ethnicity.

• Model 4: Model 3 with cluster-level fixed effect for hospital ethnic diversity - introduces a

cluster-level covariate to allow calculation of an interval odds ratio.

Models were compared with Akaike Information Criteria and modified likelihood ratio tests.47,48,49

Results

A total of 107,274 patients admitted to an intensive care unit in 174 hospitals were analyzed, of

whom 23,635 (22%) were of non-Caucasian ethnicity and 49,098 (46%) were female (Table 1). The

median age was 65 years (IQR 53-76), the median APACHE score was 50 (IQR 36-68) and the
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ICU mortality rate was 6.4%. Median number of patients from analyzed hospitals was 1,306 (IQR

724-2,715). Care limitations were present in 16,485 (15%) patients including 13,931 (17%) patients

with Caucasian ethnicity and 2,554 (11%) patients with non-Caucasian ethnicity.

Four models were constructed to describe factors associated with the presence of care limitations.

Each successive model made modest improvement in describing the data based on the Akaike

Information Criterion and likelihood-ratio test. Across all four models the odds of having a care

limitation increased with APACHE IV score and female gender. Figure 1 shows that the odds of

having a care limitation generally increase with age. The odds ratio estimates were similar between

models with random effects, with the 95% confidence interval of the Model 4 odds ratio associated

with ethnicity 0.78 (95% CI 0.72-0.83) encompassing the estimates for Models 2 and 3. The estimate

for the fixed effect odds ratio of ethnicity in the unclustered model (Model 1) was more extreme

than any of the subsequent estimates, indicating that some of the differences between care limitation

prevalence by patient ethnicity are explained by clustering at the hospital level.

Hospital-level variation in care limitations as measured by the median odds ratio was 1.51 for Model

2, slightly greater in magnitude than the odds ratios associated with female relative to male gender

or Caucasian relative to non-Caucasian ethnicity and similar to an increase in APACHE IV score by

15 points holding all other covariates constant. This suggests hospital-level variation is a component

of variation in care limitation prevalence with magnitude comparable to individual patient-level

factors such as gender. However, the median odds ratio does not communicate the ratio of latent

cluster-level to individual-level variation, which in this case is only about 5% based on the variance

partitioning coefficient using Model 2.4

Models 3 and 4 allow calculation of the median odds ratio for Caucasian patients (1.48) and non-

Caucasian patients (1.44). Clinically, these median odds ratios are indistinguishable, implying

that the variation in care limitation prevalence between hospitals is similar for patients of different

ethnicities (Figure 2).

The interval odds ratio for care limitation comparing patients from hospitals with lower versus

higher ethnic diversity was broad. For Caucasian patients the interval odds ratio is 0.66 to 2.93

and for non-Caucasian patients the interval odds ratio is 0.7 to 2.77. The proportional change in

variance after adding the neighbourhood-level covariate is 14.3%. The proportion of opposed odds

ratios (POOR)1 is 34%, meaning that approximately 34% of pairs of hospitals with different levels of
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ethnic diversity (high versus low) have odds ratios in the opposite direction indicating heterogeneity

with respect to the association between hospital ethnic diversity and goals of care limitation. Taken

together, this shows that the hospital ethnic diversity measured in this manner may not explain

hospital-level variation in prevalence of care limitations.

Discussion

Cluster-level variability is an important aspect of modeling multilevel data in healthcare and other

fields. The median odds ratio is one helpful tool for communicating and interpreting the extent of

inter-cluster variability. In this paper the median odds ratio and interval odds ratio were extended

from the case of random intercepts to the case of random intercepts and random coefficients to

empower statistical investigations of variability by subgroup.

Investigation of hospital-level variation in care limitations according to patient ethnicity was used

to illustrate the extended median odds ratio. The median odds ratio by ethnicity revealed that

hospital-level variation is similar for patients of Caucasian and non-Caucasian ethnicities. The

addition of a cluster-level ethnicity variable improved model fit but the interval odds ratio showed

residual hospital-level variability. These findings imply that differences in care limitation preferences

are driven by factors consistent across hospitals, as opposed to factors that vary by hospital. For

example, these findings do not support the theory that differences in care limitation prevalence

by ethnicity relate to racist behavior on the part of few outlier hospitals. Instead they support

the theory that differences relate to factors common to all hospitals such as mistrust of medical

institutions or ongoing unintentional systemic racism.50,51 The findings are limited by the proportion

of excluded patients due to missing severity of illness information, the specific setting of intensive

care unit admission, and the possibility of residual confounding from relevant variables not included

in the model (such as diagnosis) or the database (such as functional status).

The extension of the median odds ratio to the setting of random coefficient models has limitations.

The most important limitation is that interpretation of random coefficient and intercept models is

subtle and can be misleading. The median odds ratio itself is not enough to fully understand the

proportion of individual-level variation existing at the cluster level, and other quantities such as

the variance partitioning coefficient or the area under the receiver operating characteristics curve
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may also be helpful.52 However, our proposed median odds ratio extension may aid in appropriate

interpretation of random coefficients in multilevel models. A second limitation is that models with

random coefficients may not be possible or necessary for many datasets due to sample size or the

balance of individual-level as opposed to cluster-level variability. A final limitation is that models

with random coefficients are computationally intensive and require more time and processing power

than models with only fixed effects.

Conclusion

The median odds ratio can be extended to models with random coefficients to assess variability

across clusters by patient subgroup. In our example we demonstrated that non-Caucasian patients

have lower odds of care limitation after adjusting for age, gender and severity; however there was no

clinically significant difference in variability across hospitals for patients of Caucasian as opposed to

non-Caucasian ethnicities. This argues in favour of broad societal factors affecting care limitation

prevalence by ethnicity as opposed to variation in individual hospital culture and practices.

Other outcomes regarding ethnicity and care limitation prevalence were possible. For example, if

we had found that the median odds ratio for non-Caucasian patients was much larger than the

median odds ratio for Caucasian patients we would have described inequity that is not captured by

the fixed effect coefficients. This could prompt more detailed consideration of individual hospital

characteristics and how those might be related to variation in treatment of non-Caucasian patients.

Since the introduction of the median odds ratio, several different median measures such as the

median hazard ratio have emerged which allow description of variability across clusters. Each of these

measures relies on the assumption that variability is uniform across subgroups. In certain scenarios,

such as questions of health equity, this assumption may require investigation. Our extension of the

median odds ratio provides researchers a way to verify this assumption and investigate variability

across clusters by patient subgroup.
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Table 1: Baseline Patient Information

Summary [1]

Total Patients
Included 107,274 (77%)
Missing information [2] 32,093 (23%)

Gender
Female 64,040 (46%)
Male 75,177 (54%)
Unknown / Missing 42 (0%)

Age (years) 65 [53-76]
Ethnicity
Caucasian 107,669 (77%)
Non-Caucasian 29,916 (21%)
Missing 1,782 (1%)

APACHE IV
Score 50 [36-67]
Missing 27,338 (20%)

Hospital characteristics
Patients per hospital 1,306 [724-2,715]
Included hospitals 174 (84%)
Proportion non-Caucasian (percent) 18 [9-30]

ICU mortality
Death before ICU discharge 8,708 (6%)
Missing 15 (0%)

Goals of care information
Present 130,374 (94%)
Missing 8,993 (6%)

1 Each row summarized as mean (%) or median [IQR].
2 Comprising all patterns of missingness among covariates and outcome.



Table 2: Summary of Models Predicting Care Limitations

Model 1 Model 2 Model 3 Model 4

Odds ratio (95% CI)
Non-Caucasian ethnicity 0.66 (0.63-0.7) 0.78 (0.74-0.82) 0.76 (0.71-0.81) 0.78 (0.72-0.83)
APACHE IV score [1] 1.36 (1.35-1.37) 1.37 (1.36-1.38) 1.37 (1.36-1.38) 1.37 (1.36-1.38)
Male gender 0.82 (0.79-0.86) 0.83 (0.8-0.86) 0.83 (0.8-0.86) 0.83 (0.8-0.86)
Lower hospital diversity [2] – – – 1.39 (1.21-1.59)

Median odds ratio
Overall – 1.51 – –
Non-Caucasian ethnicity – – 1.53 1.48
Caucasian ethnicity – – 1.48 1.44

Model fit
AIC [3] 73,041 72,007 72,002 71,983
Log of likelihood ratio – 517.9 4.32 10.61

Variance parameters
Intercept variance – 0.1867 0.1986 0.1702
Coefficient variance – – 0.0333 0.0327
Int.-coeff. covariance – – -0.0318 -0.0288

1 Odds ratios correspond to a 10-point increase in APACHE IV score
2 Denotes if a given hospital proportion of non-Caucasian patients is less than the median
3 Akaike Information Criterion
4 Model 4: Caucasian decedent variance is 0.1702 and non-Caucasian decedent variance is 0.2029
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Figure 1: This figure shows the predicted probability of having a care limitation on the y axis and
patient age on the x axis calculated using Model 3. Ethnicities are separated by colour. Hospital
was set to the modal hospital. Curves with APACHE scores at the 25th (score 36) and 75th (score
68) percentile are shown. The dot denotes the estimated probability and the errorbars surrounding
denote an estimate of the 95% prediction interval. The intervals were generated using the merTools
package in R (see Appendix for more details).
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Figure 2: This figure shows the random intercepts and slopes estimated for each hospital based on
Model 3. The y axis shows the odds ratio plotted in logarithm scale. Each point has an associated
vertical line representing the 95% confidence interval of the estimate for that point. The upper panel
shows the distribution of hospital intercepts. The lower panel shows the distribution of random
slopes associated with non-Caucasian ethnicity. This figure demonstrates that the hospital random
intercepts vary more than the hospital random slopes suggesting that variability in care does not
depend on ethnicity.


